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ABSTRACT. In this paper, we introduce C*- algebra valued modular b-
metric spaces. Some common fixed point theorems for JHR operator
pairs with new contractive conditions via C-class functions in C”*- alge-
bra valued modular b-metric spaces is given here with examples. Some
applications on non linear integral equation and on operator equation is
also introduced.
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1. INTRODUCTION

In ([2],[6]), Bakhtin and Czerwik introduced a generalised metric space
which is named as b-metric space with an important property that a metric
space can be extended to b-metric space but converse does not hold. In
present time, C*-algebra is an important research area in quantum mechan-
ics, modern mathematics etc. Many researchers generalise ([1]-[26]) all new
studies from metric spaces to b-metric spaces and in C*-algebra also.

In [17], Ma et al. introduced the concept of C*-algebra valued metric spaces
and generalised this concept in [18] as C*-algebra valued b-metric spaces. In
([19],(20],[21]) Moeini et al. introduced C*-algebra valued modular metric
spaces based on the papers ([4],[5],[25]) of Chistyakov on modular metric
spaces and Shateri on C*-algebra valued modular spaces. In [13], Ege et
al. introduced modular b-metric spaces, a generalisation of modular metric
spaces. These kind of studies motivated us to generalise C*-algebra valued
modular metric spaces in fixed point theory.

In this paper, we introduce C*-algebra valued modular b-metric spaces and
noncommuting JHR operator pairs in this space. Some common fixed point
theorems with a new type of contractive conditions via C, class functions
is established here with suitable examples. Applications for the existence
and uniqueness results for a system of nonlinear integral equation and on
operator equation is given here.

*Corresponding author.
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2. PRELIMINARIES:

A Banach algebra A is said to be a C*-algebra with the involution map
x 1 A — A satisfying the following conditions: ([11],[21])
(i) a** =a, a €A
(i) (ab)* = b*a*, a,b€ A
(iii) (a + pb)* = aa* + ab*, a,p e C
(iv) |la*al| = ||la|/?, (which easily shows that ||a*|| = ||al|)
Let A be an unital C*-algebra with the identity 1, and 6 be the zero element
of A. Every element of the set A} = {z € A : x = 2*} is called positive
(written as z = 6) and a spectrum o(z) C R, where o(z) = {a € R :
laly — 2| = 0}.
A partial ordering “ > 7 on A, behaves as ¢ > y < y — x € A,. For every
element # < z € A has a unique positive square root, i.e., |z| = (z*x)%
2.1 Lemma: [11] Suppose that A is a unital C*-algebra with a unit 1,.
(i) for any z € Ay, z < 1, if and only if z < 1,
(ii) if x € A} and |Jal| < 3, then 14 —z is invertable and ||z(14 —z) 71| <
1
(iii) let z,y € Ay with x,y > 6 and zy = yx then zy = 6,
(i) letx e AN ={ax e A:xy=yx,y e A}, ify,z€ Aand y = z > 0, and
1p—2 € A/, is an invertable operator , then y(1y—z)~! = 2(14—2)~!
In C*-algebra, x,y > 6 # xy > 6 in general.
2.2 Definition: [18] Let Z be a non empty set, and K € A" with K = 14.
A mapping d : Z x Z — AT is called a C*- algebra valued b-metric on Z, if
it satisfies the following three conditions :
(i) for all a,b € Z,d(a,b) = 6 and d(a,b) = 6 if and only if a = b;
(ii) d(a,b) = d(b,a), for all a,b € Z
(iii) d(a,b) = K[d(a,c)+ d(c,b)], for all a,b,c € Z;
and (Z, A, d) is said to be C*- algebra valued b-metric space.
2.3 Definition: [13] Let Z be a non empty set and K > 1 be a real number.
A mapping Q : (0,00) x Z x Z — [0,00] is called a modular b-metric on Z,
if it satisfies the following three conditions :
(i) for a,b € Z,Q4(a,b) =0 for all a > 0 if and only if a = b;
(i) Qala,b) = Qq(b,a) for all @ > 0 and a,b € Z;
(iii) Qayp(a,b) < K[Qq(a,c)+Qu(c,b)] foralla > 0p > 0and a, b, c € Z;
and (Z, Q) is said to be modular b-metric space.
In the following the concept of C*- algebra valued modular b-metric space
is introduced.
2.4 Definition: Let Z be a non empty set, and K € Ay with K = 1. A
mapping  : (0,00) x Z x Z — At is called a C*- algebra valued b-modular
metric (or C* m.b-m ) on Z if it satisfies the following three conditions :
(i) for a,b € Z,Q4(a,b) =6 for all @ > 0 if and only if a = b;
(i1) Qqa(a,b) = Qu(b,a) for all @ > 0 and a,b € Z;
(ili) Qagpula,b) = K[Qa(a,c)+Q,(c,b)] foralla > 0p > 0and a,b, ¢ € Z;

and (Z, A, Q) is said to be C*- algebra valued modular b-metric space.
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Now we discuss some properties and definitions on C*- algebra valued mod-
ular b-metric spaces as follows:

(a) If we replace the above condition (i) by (i/) for a € Z,Qu(a,a) = 0
for all @« > 0, then Q is said to be a C*- algebra valued pseudo
modular b-metric on Z satisfying with (ii) and (iii).

(b) If Q satisfies (i/), (ii/) for a,b € Z, if there exists a number a > 0,
possibly depending on a and b, such that Q,(a,b) = 6, then a = b
and (iii) then Q is called a C*- algebra valued strict modular b-metric
on Z.

(¢) The essential property on a set Z of a C*- algebra valued modular
b-metric € is that for any a, b € Z the function 0 < o — Qq(a,b) € A
is non increasing on (0, 00). In fact, if 0 < u < «, then we have

Qa(a.b) < K[Qap(a, a) + Qu(a,b)] = KQu(a.b). (K > 1).
(d) It follows there exists right limit Q440(a,d) := im0 Qatc(a, b)

and left limit Q,—o(a,b) := lime4+0 Qa—c(a,b) in A for each point
« > 0 such that:

Qato(a,b) <X KQu(a,b) and Qn(a,b) < KQy—o(a,b),
1
ey 2= Qa+0(a,0) X Qa(a,b) X KQa—o(ab).
(e) It can be easily checked as in [5] that, if ag € Z the set
Zg={a€ Z: lim Q4(a,ap) =06},
a—r00
is a C*- algebra valued b-metric space with the metric d% c ZaxXZg —
A which is given by
dd(a,b) = inf{a > 0: | Qala,b)|| < a}for all a,be Zg,
called C*- algebra valued modular b-metric space.

(f) A C*- algebra valued modular b-metric 2 on Z is said to be convex
if (iii) is replaced by the following condition for a,b,c € Z:

a p
<X K[—— —_— for all
Qa+”(a’b)_K[K(a+u)Q K(a+,u)Q”(C’b)] oralla >0pu>0

If Q is convex on Z then Zg is equal to
Z4 ={a € Z:3a = a(zx) > 0 such that ||Qq(a,ao)| < oo},

ola,c) +

equipped with the metric d, : Z§, x Z¢ — A is given by
dy =inf{a > 0:]|Qu(a,b)|| < 1}for all a,b e Zg.

(g) It is easy to see that if Z is a real linear space, p: Z — A and

Qu(a,b) = p(aT_b) for all « >0 anda,b€ Z,

then p is C*- algebra- valued modular on X, and 2 satisfy the fol-
lowing two conditions :

(i) Qa(pa,0) = Q%(a,O) for all &, u > 0 and a € Z;

(i) Qala+ ¢, b+ ¢) = Qu(a,b) for all « > 0 and a,b,c € Z.
2.5 Definition: Let Zg be a C*- algebra valued modular b-metric space for
each a > 0
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1) A sequence {an}nen in Zg is said to be - b-convergent to a € Zg
with respect to A,
if limy 00 Qo (an,a) = 6.

2) A sequence {ap fnen In Zg is said to be Q- b-Cauchy with respect to
A7
if 1im )00 Qa(@m, an) = 0.

3) A mapping 7 is said to be Q-b-continuous with respect to A in B C
Zq if for every sequence {a, }n € N C B such that lim, o, Qo (an, 2) =
0, then lim,,_, o Qo (Ta,, Tz) = 0.

4) B C Zg, is said to be Q- closed to a € Zg with respect to A if the
limit of the Q- b-convergent sequence of B always belong to B.

5) Zgq is said to be Q-complete if any {2- b-Cauchy sequence with respect
to A is Q-b-convergent.

6) A subset B of Zq is said to be Q- b-bounded with respect to A if for
each a > 0

da(B) = sup{|Qa(a,b)|;a,b € B} < o,

where, dq(B) denotes the diameter of B in the C*- algebra valued
modular b-metric space.

2.6 Example Let Z = R and consider, A = M3(R). Define a norm on A by

1
IC| = Z?,j:l \cij|2) * and a convolution mapping * : A — A with C* = C
for all A € A. Clearly, A is a C'*-algebra. For

c11 ci2 di1 dio
o= . D= € A= My(R
( c21 €22 ) ( do1  da ) 2(R)
denote D > C' < (djj —¢i5) = 0 for all 4,5 =1, 2.

Define Q2 : (0,00) X Z x Z — A by Qq(a,b) :diag(ﬂ’%f,ﬂ
8> 0.

| ab| ), where

By the inequality ‘m ‘ ‘ + | = b’ ]; (2P > 1), we can get

aiag(8| 2| 8| 222 ') < ridiag(s =4[ 15|22 + diag(s |
a i — —
19 at+pul Tlatp “ 19 a

For a > ¢ > b the inequality ‘;:L | | + ‘—‘ is impossible.

It is easy to check that  satisfies all the conditions of C*-algebra valued
modular b-metric space. But Zg cannot be a C*-algebra valued modular
metric space.

2.7 Example Let Z = L™(E) and H = L?(E), E be a Lebesgue measurable
set, and A = B(H), the set of bounded linear operator on Hilbert space H.
Define Q : (0,00) x Z x Z — B(H)4 by

Qualf,9) :7T|f;g‘f’f0r all f,ge Z, a>0,p>1
where 7, : H — H is the multiplication operator defined by 7,(4) = h.@,

¢ € H. Then (Zg, B(H),Q) is a Q-b-complete C* modular b-metric space
with ||K|| > 2P.

It suffices to verify the completeness of Zo . For this, let {f,} be a Q-b-
Cauchy sequence with respect to B(H ), that is for an arbitrary € > 0, there

2
) 6

c—bl?

o

]
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is N € N such that for all m,n > N ,

P
<€

1920 e o)) = sl = |

a

fm_f'n
(67

oo
so {fn} is a Cauchy sequence in Banach space Z. Hence, there is a
function f € X and N; € N such that H|f’"a—_f|p||oO < e. It implies that

=

[e%

<€

oo

[Q0(fm, F)Il = ”W\fm*f\pH =

@

Consequently, the sequence {f,} is a Q-b-convergent sequence in Zg and so
Zq is a Q-b-complete C* m.b-m. space.

2.8 Example: Let Z = [*(S) and H = L*(S), S be a non empty set, and
A = B(H). Define Q : (0,00) X Z x Z — B(H)+ by

Qa({fn} {gn}) = 7r| {fn}—{gn} |p for all {f,}, {gn} € Z, a>0,p =1,

where 7, : H — H is the multiplication operator defined by 7,(¢) = h.¢,
¢ € H. Then (Zg, B(H),Q) is a Q-b-complete C* modular b-metric space
with ||K|| > 2P.

2.9 Definition: Let Zo be a C*- algebra valued modular b-metric space.
Let T1, T» be two self mappings of Zq, a point a in Zq is called a coincidence
point of 71 and T3 if and only if T7a = Taa. We shall call ¢ = Tia = Tsa a
point of coincidence of T7 and T>. Moreover, 71 and T is said to be weakly
compatible if they commute at coincidence points.

Let C(T1,T2) denote the set of coincidence points and PC(Ty,T5) denote
points of coincidence of the pair (71, 75), respectively.

2.10 Definition: Let Zy be a C*- algebra valued modular b-metric space
and T1,Ty : Zg — Zq be two mappings. Then (T1,T5) is called a JHR-
operator pair if PC(T1,T») # ¢ and there exists a sequence {a,} in Zg such
that lim,, oo T1ay, = lim,_, o Toa, = B € Zq and which satisfies

lim ||Qa(anaﬁ)” < 6Q(PC(T1T2))7 for all o > 0.
n—oo

2.11 Example: Let (Z,A, Q) as in Example 2.6 and define self mappings

Ty,T5 : Zg — Zq such that T = 22 and Ty = z°. So, C(Th,Tz) = {1},

PC(T1,Ts) = {1} and dq(PC(T1,T2)) = 0. Define a sequence {x,} =
n

o N = 1,2,...in Zg. Then lim,, oo T2, = ¢ = 1 = lim,, o Toxy,, and

for all a > 0,
0= lim ”Qa(xn»(])H < 5Q(PC(T1,T2)) =0.
n—oo

Hence (T1,7T3) is a JHR operator pair.
It can be examined that all the properties of JHR operator pairs as dis-
cussed in [21] on C*-alebra valued modular metric spaces are also same in
C*-algebra valued modular b-metric spaces but converse not necessarily true.
2.12 Definition: [21] Suppose A be a C*-algebra, then a continuous func-
tion H : AT x AT — A is called C,-class function if for any A, B € AT, the
following conditions hold:

i) H(A,B) = A;

ii) H(A, B) = A implies that either A =6 or B = 4.
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2.13 Definition: [21] A tripled (v, ¢, Hy) where ¢ : AT — AT in W(set of
all continuous functions ), ¢ : AT — AT in ®, (the class of functions ) and
H, : AT x AT — At in C, is said to be monotone if for any A, B € AT

A= B = H.(¢(A).p(4)) 2 Hi(¥(B), p(B)),
and (1, p, H,) is said to be strictly monotone if for any A, B € AT
A=< B = F.()(A),9(A) < F(¢(B), p(B)).

2.14 Lemma: Let {am, }men and {by }nen be two positive integer sequences
(n > m). Then in modular metric spaces and modular b-metric spaces the
following inequalities holds for each o > 0 and d € N:

(i) Qa(am-, bn) <0 (am7 bm+1) + Q%(bm-ﬁ-la bm+2) + ...+ Q%(bn—la bn)

o
d

(i) Qa(am;bp) < KQa (am;bnt1)+K°Qa (b1, bmi2)+...+KQa (by1, by)

Proof. For K =1, (i) holds automatically as follows.
(i)

Qalam,bp) = Qa+<da—1>a (am, bp) [Qa (am, bmi1) + Q(d—dl)a (b1, bn)]

<K
< KQ% (am7 bm+1) + K2 [Q%(bm+la bm+2) + Q(d*d’é’)a (bm+27 bn)]

< KQs (am, bm1) + K*Qa (bn1, bnta) + - + K Qs (by 1, b5).
O

2.15 Lemma: Let {y,} be a Q-b-Cauchy sequence in Zg with K > 1. If
{yn} is not a Q-b-Cauchy sequence in Zq, then there exists oy > 0 and
€0 > 0, and two sequences {am }men and {by tnen of positive integers such
that

(i) m; > n; +1 and n; — oo as i — oo,

(11) € < HQO'O(yni,?ymi)” and ||an(yni7yn1:+1)” < (70 < €0-

3. MAIN RESULTS

3.1 Theorem: Let (Zq, A, Q) be a Q-b-complete C*- algebra valued mod-
ular b-metric space with 14 < K. Let A, B, C and D be four self-mappings
on Zg, and satisfies the following conditions, for each a,b € Zg and « > 0:

(i) A(Za) € C(Zq) and B(Zq) € D(Za),
(i)
¥([[Qa(Aa, Bb)[14) = Fi(¥(M(a,b)), p(M(a,b)),
for which, v € ¥, ¢ € ®,, and F, € C, such that (¢, ¢, F}) is strictly
monotone and
M(a,b) = ||j|*[|Qa(Da, Cb)|[14 + || L|[*min{||Qa(Aa, Cb)|, [Qa(Bb, Da)|, [Qa(Aa, Da)[|[}1a

where j, L € A with 0 < ||j]| < 1, ||L|]| > 0 and ||Q(Aa, Bb)|| < cc.

Moreover , if D is Q-b-continuous and the pairs (A, D), (B, C) are JHR-
operator pair and weakly compatible, respectively, then A, B, C and D have
a unique common fixed point in Zq.
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Proof. Let A, B, C and D be four self-mappings on Zg such that A(Zg) C
C(Zq) and B(Zq) C D(Zgq). For any ag € Zg, there exists a point a; such
that Ca; = Aap, and for this a1, there exists a point ay € Zg such that
Day = Baj. Thus inductively, for a sequence {y,} in Zg we have,

yon = Cagni1 = Aagp and yop1 = Dagpio = Bagpy1, n=1,2,3, ..

V(1R (y2n, y2n+1)[114) = V(|12 (Aazn, Bagn+1)[[1a)
= Fu(¢(M(azn, azn+1)), p(M(azn, azn+1)))
= (M (azn, azn+1))
= %([lj|*[Qa(Dagn, Cazn 1)1 + | LI[*min{]|Qa(Aag,, Cazni)|,
Q0 (Bagn+1, Dagn) |, [ (Aazn, Dazy)|[}1a)
= ([ (y2n, y2n+1)[114) X D(|7 1219 Dagn, Cagni1)1a)
<1712 (y2n-1. y2n)[|14)
If Qo (y2n, Y2n+1) = QalyY2n-1, Y2n), then
V([12a(y2n, y2n+1)11a) < V([12a(Y2n+1, y20) [ 1a)
which is a contraction. Therefore,
(1) Qa(y2n, Y2n+1) = Qaly2n-1, y2n)
Similarly,
V(1R (y2n+2, y2n+1)[11a) = ©([[Qa(Aaznt2, Bazn)|[14)
< Fu(Y(M(azn+2, a2n+1)), (M (az2n+2, a2n41)))
< (M (azn+2, azn+1))

= 4(|7]1?Qa(Daznt2, Casnir)||1a + | L] Pmin{||Qa(Aaznt2, Casni1

[|Qa(Bazn+1, Dazni2)ll, [[Qa(Aa2nt2, Dazny2)|}1a)
= U([|Qa(y2n+2; v2n+1)111a) < P([Qa(y2n+1,y20)[1a)
If Qo(y2n+2, ¥2n+1) = Qa(Y2n+1, yon), then
Y192 (y2nt2, Y2n+1)l11a) < V(|[Qalyan+2, y2nt1)l1a)
which is a contraction. Therefore,
(2) Qa(y2n+2, Y2n+1) = Qa(Y2n+1, Y2n)

From equation (1) and (2), we can conclude that Qu(yn, Yn+1) = Qa(Yn—1,Yn)-
So, {I|% (Yn, Yn+1)]|1a }nen is a non increasing sequence in A .

Again we have,

V([Qaly2, y1)l11a) = ¥(11Q0a(Aaz, Ba1)|[14)
2 F.(¢Y(M(az,a1)), p(M(az,a1)))
= P(M(az,a1))
= (1?19 (Daz, Car) |1 + || L|*min{|Qa(Aag, Car)|,
[Qa(Bai, Daz)||, |Qa(Aaz, Dasz)|}1a)

= ([ (y2. y1)114) < L5112y, v0)[114)
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and
P([1Q0a (Y3, y2)l11a) = ¥(/Q(Aaz, Bas)|[1a)
= F(Y(M(az, a3)), p(M (a2, a3)))
= ¢(M(az,a3))
= ¢([71?190a(Daz, Caz) || 1a + || LI[Pmin{||Qa(Aaz, Cas)],
[€Qa(Bas, Daz)|, [[Qa(Aaz, Das)|[}14)
= ([ (3. y2)[11a) = $(15 12190 (y2, y1)]11a)
In general,
(3) 190 (yn+1,yn) 114 = (151719 (y1, 30) |14
i [ ) [La % i [12 01, 0) 1 = 6.
(4) So, nlggo Qua(Ynt1,yn) =0, for alla > 0
Now, by using equation (3) and (4), we will show that {y,} is a Q-b-Cauchy
Sequence. From the Lemma 2.15, if {y,} is not a Q-b-Cauchy Sequence then

there exists eg > 0, ap > 0 and two positive sequences {m;}and {n;} such
that

A)m; >n;+1

€0
B) ||Q(¥O(ymi’yni) > €o and ”Q(Io(ymi—l?yni,)” < —<eé

K
€0 < [[Qaq (s ym) | < K[[|220 (ynis Ymi— )| + 12220 (ym, -1, ym, )]

€0

Let i — oo, and by (4), we get lim;— o0 [|Qag (Yns, Ym, ) || = €o-
Again,

(5) €0 <10 (i ym) | < K120 (ynis g+ )| + 1220 (Wni+1, ym, )]
Assume both m; and n; are even. Now,
901259 (s Y1) 14) = (12 (A, Bans1)[12)
< Ey (M (@, n 1)), 9(M (. an,1))
< (M (g, 1))
= U(1212p (Dam,, Can 1)1 1 + | LIPmin{]|Qeg (Aas,, Cars1),
Q2 (B 1. Da ). 220 (Ady,, Dara, )| }12)
= (120 (Ymy, Y1) 1118) = LU IR0 (Y~ ) 114 + ILIPmind Qo (Y, yn,)l,)
1260 (1, )l (28 (i 1) [1)
= (11712 (g1, 9, [18)
Let i — oo, and using equation (4), (5), (B), we have
d(eola) = ¢([14]%€0la)
Y(eola) < P(eola)
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which is a contraction. So, {y,} is a Q-b-Cauchy sequence.

By hypothesis PC(A, D) # ¢, there exists a point ¢ € Zg such that Ap =
Dp = q. Since, {yn} is a Q-b-Cauchy sequence in Zg and Zq is complete,
so there exists a point r € Zq such that for all & > 0 limy,—y00 Qo (yn, ) =6,
and for all & > 0

lim Qq(Aaz, 7) = lim Qa(Cazns1,r) = lim Oa(Dazn, ) = lim Qa(Bazni1,7) =0

(6)  »([9a(Ap, Bagni1)l[1a) 2 Fu(¢(M(p, azn+1)), o(M(p, azni1)))
where,
M (p, azn+1) = [71*19(Dp, Cazns)l|1a + || L]*min{|[Qa(Ap, Cazns1)|,
[Qa(Bagn+1, Dp)|l. [[Qa(Ap, Dp)||}1a
= [ljI*[1Qa(Dp, Cazps1)l1a
Let n — oo, equation (6) equals

lim ¢(|[Qa(Ap, Baza+1)[[14) = lim (4 (5]%[Qa(Dp, Cazni)|1a),
n—oo n—oo

¢(l71*192(Dp, Caza11)l114))
= Y([1Qa(g )l11a) = E (7112192 (g, )IILa), o(1517112a (g, 7)I11a))
= E((1Qa(g, )l11a), o(l1Q0(g, )I[14))
= 9([1Qa(g;7)[I1a)

So, by the definition of Cj-class function we get ¢(||Qqa(q,7)||1sa) = 6 or
o(||Qa(q,7)]|1a) = 6, which implies ¢ = r. Hence Ap = Dp = r. If there
exists another point p’ € Zg such that Ap’ = Dp’ = ¢'.

We can similarly show that, r = ¢’ = Ap = Dp i.e. there exists a unique
point of coincidence and so éq(PC(A4, D)) = 0.

Since, (4, D) is a JHR operator so there exists a sequence {t,} in Zg such
that
lim At, = lim Dt, =t

n—oo n—oo
and limy, o0 ||Qa(tn, t)|| < 5o (PC(S,T)) = 0for all & > 0. Clearly, lim,, o0 t, =
t.

(1) ©(||Qa(Atyn, Bagns1)||1a) = Fu(d(M(tn, azns1)), (M (tn, a2n11)))
where,
M (tn, agni1) = ||jH2||Qa(Dtn» Cazny1)|1a + ||L||2min{||ﬂa(Atm Cazn1) |,
[Qa(Bagn+1, Dty)||, |26 (Atn, Dty)| Y14
= [l1?19a(Dtn, Cagny1)l|1a
Let n — oo, equation (7), equals

Jim ¢ ([[Qa(Atn, Bazn41)l|14) 2 lim Fu($(5]*[|Qa(Dtn, Caznsa)ll1a),

¢(131%190a(Dtn, Caznt1)l|1a))
= P19t 1)l11a) = @112t r)lI1a), o5 12120t 7)[114))
2 FH(0([[R2a(t,7)][1a), 2 (1[Q2a(t, 7)][1a))
2 P([92a(t,m)[1a)
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Similarly as above by the definition of Ci-class function we have, t = r .
Since D is Q—continuous and lim,, .o, Dt, =t =7 so Dr = r.

@)  ¢(lIQa(Ar, Bagni1)l[1a) = F(P(M(r; azn+1)), p(M(r; azn+1)))

where,

M(r, agn11) = [lj]19Qa(Dr, Cagni1)|1a + [|LI[*min{||Qu(Ar, Cazn 1)),
[Qa(Bazn+1, Dr)||, [[Qa(Ar, Dr)|[}1a
— Basn—

Hence, by n — oo, equation (8) equals

P([|Qa(Ar,)|[14) = 0
= Ar=r

Since, A(Zq) C C(Zq) so there exists a point u € Zg such that Cu = Ar =
T.

(9) P([[Qa(Ar, Bu)|[1a) 2 Fu(b(M(r,u)), (M (r,u)))
where,

M(r,u) = [ j1*1Qa(Dr, Cu) |14 + | LIPmin{[[Qa(Ar, Cu)],
1926 (Bu, Dr)|; [|2a(Ar, Dr)|[}1a

Thus equation (9) equals

(| (r, Bu)l|1a) = 0
= Bu=r

Since, the pair (B, C) is weakly compatiable and Bu = Cu = r. So, Br =
BCu = CBu = Cr. Now,

(10) U([[Qa(Ar, Br)l[1a) = Fu(¢(M(r, 7)), o(M(r,7)))
where,
M(r,7) = I1219a(Dr, Cr)l|1a + | L 2min{ |2 (Ar, O]
[Qa(Br, Dr)|, [[Qa(Ar, Dr)||}1a
= (141111920 (r, Br)||1a
Thus equation (10) equals
Y([19a(r, Br)[1a) = Fe(@(l1192a(r, Br)lILa), o(Ilil||2a(r, Br)l|1a))
= Fo(¢(Qa(r, Br)|[1a), ¢(|Qa(r, Br)|[14))
2 P(Qa(r, Br)|[1a)
= Br=r

Clearly, Ar = Dr = Br = Cr =r. So r is the common fixed point A, B, C
and D, and uniqueness of the common fixed point r comes automatically in
the similar manner. 0
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Example 3.1.1 Let (Z,A,Q) be a Q- complete C* modular metric space
defined as in Example 2.6. Define A, B,C,D : Zqg — Zq by

%“ if a€(—o00,1)
Aa = Ba =1, Da =2 —a, Ca=<1 ifa =1
0 if a€(1,00)

Suppose,

¢2A+—>A+ Q:A+—>A+ F*2A+XA+—>A
¥(B) =2B »(B) =B F.(A,B)=A-B

Then (¢, ¢, Fy) is strictly monotone. For all a,b € Zg =R and o > 0 , we
have

00
0= H( 00 )‘ — |1Q0(Aa, BY)|| < cc.
For every j, L € A with ||j]| < 1,]L|| > 0, we have
0 0
(00 ) = #1(Aa BUILL) < F.(o(01(0, ). 6(0 e )

for all a,b € Zg and « > 0. D is Q-b-continuous. Also,
A(Zq) = {1} € C(Za) =R, B(Zq) = {1} € D(Za) =R,

C(A,D)=PC(A,D)=C(B,C) = PC(B,C) = 1. Suppose {a,}=-"=is a

n+1
b-sequence in Zg where n = 1,2, .... Then, lim, o, Aan = Da, =¢q=1and
_n__ 2 n_ 2
lim [|Qa(an, 2)| = lim ||diag(3|ZE——| ,5|=L_"| ||=0
n—oo n—oo a

< 0q(PC(A,D)) =0, foralla>0, 8> 0.

Hence, the pair (A, D) is a JHR operator pair, and BC1 = CB1 =1 so
the pair (B, C) is weakly compatiable. All the conditions of Theorem 3.1
are satisfied so A,B, C' and D have a common unique fixed point 1.

Theorem 3.2 Let (Zg, A, Q) be a Q-b-complete C*- algebra valued modular
b-metric space with 1, < K. Let T be a self-mapping on Zg and satisfies
the conditions, for each a,b € Zg and a > 0:

Qa(Ta, Th) < ¢*Q4(a,b)g+min{L*Qn(Ta,a)L, L*Qu(Tb,a)L, L*Qs(Ta,b) L}

where ¢, L € Awith0 < [lgl| < 1,0 < |[LI|, [K[lql* < 1, and | Qa(Ta, TO)|| <
Q.

Then T has a unique fixed point in Zg.

Proof. Let ag € Zq, so there exists a point a; such that a; = Tag hence
inductively, we have
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ant+1 = Tay for alln =0,1,2, ... .

Qa(ant1, an) = Qo(Tan, Tan—1)
= ¢ Qa(an, an-1)q
+ min{L*Qo(Tan,an)L, L*Qa(Tan—1,an)L, L*|Q(Tan, an—1) L}
= ¢*(Qalan, an-1))% (Qu(an, an1))2q
+ min{L* (Qu(Tan, an))* (Qa(Tan, a,))? L,
L*(Qa(Tan—1,an))2 (Qu(Tan_1, an))
L*(Qa(Tan, an-1))% (Qu(Tan, an-1))
= (492(an. 31-1))%)* (Qa(an. an-1)2q)
+ min{(LQa(Tan, an))2)*(Qa(Tan, an)? L),
(L (Tan-1,an))2)* ((Tan-1,an) L),
(L (Tan, an-1))2)*(Qa(Tan, an-1)2L)}
= |q(Qa(an, an-1))2[* + min{|L(Qa(Tan, an)) [,
L(Qa(Tan—1,an))2 %, | L(Qa(Tan, an-1))?[*}

’

L
L}

[N [N

[N [N

1 1
= lg(Qalan, an-1))? ||21A +min{||L(Qa(Tan, an))? ||21A,

IL(Qa(Tan-1,0))2 |21, | L(Qa(Tan, an-1))7*14}
1
= [l9(Qa(an, an-1))%[*1a

Thus

19 (@n+1, an)ll < lal?1Qa(an, an-1)] < ... < llal**[[Qa(ar, ao)|

Thus for n > m

Qalam, bp) X KQ_o_(am,bms1) + K*Q_o_(bmi1,bms2) + oo + K"7"Q_a_ (b1, bn)

= [|Qa(am, bn)l| < 1KQ 2 (am, buns1)|| + 1 K°Q e (b1, bns2) | + ..

FIE""Q o (bn—1,bn)|

n—m

<K NalP™ 19 = (a1, a0) | + | K [al* D)2 = (a1, a0) | + ..
+ K" gl (a1, a0

= [ K lall*™ (1 + 1K gl + .. + UK gl ") |2

<IENal*™ QUK al*) )R = (a1, a0)]

1K gl
= 5 |QL(a1,a0) |
TR P (e )

—0asm —

—_(a1,ao)l

m
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Therefore {a,}52, is a b-Cauchy sequence and lim,_,o a, = p, say (since
Zg is complete). Now,

Qq (an» TP) = Qoz(Tanflv Tp)
= (I*Qa(an—hl))(] + ’"”‘“{L*Qa (Tan—la an—l)L7 L*QQ(TP-, an—l)L7
L*Qy(Tan-1,p)L}
= 9 (an 7)1 < P9 (an1,9)] < . < g™ | (a0. p)]
—0asn— o0
=>n11_>r¥>10an =Tp=p

Therefore, p is a fixed point of T'. If there exists another fixed point r, (r # p)
such that Tr = r, then

Qa(T'r, Tp) = Qa(Tr, Tp)
= ¢ Q(r,p)qg + min{L*Qua(Tr,r)L, L*Qo(Tp,r)L, L*Q(Tr,p) L}
= [92a(r,p) || < a2, p)l| < .. < [924(r, )]
which is a contradiction so, r = p. Hence, 1" has a unique fixed point p in
Zq. O

Example 3.2.1: Let Z = [*(S) and H = [?(S), S be a non empty set, and
A = B(H), the set of bounded linear operator on Hilbert space H. Define
Q:(0,00) x Zx Z — B(H)4 by

Qa({fn}’ {gn}) = 77’ (fn};(gn}

where 7, : H — H is the multiplication operator defined by m,(¢) = h.¢,
¢ € H. Then (Zq, B(H),Q) is a Q-b-complete C* modular b-metric space
with [|K[| > 2°.

Define T : Zg — Zg by

T(fm) = {(22)%,0,0, ...} where {fn} = {%£L,0,0,...}

Suppose

1/)ZA+—)A+ SOZA+—)A+ F*IA+XA+—>A
B(A) =24 o(A) = A F.(AB) =A-B

Then (v, p, F) is strictly monotone. For all {f,}, {fn} € Zaq =1°°(S), and
a > 0 we have

» for all {fn}, {gn} €Z, a>0,p>1,

T fm -T fn r
9T () T = || P T
o]
1+ 12 (14+1)2 00}/
:H{( Tm) = (14 5)%0,0. < o0; n,m € N(n = m).
@ oo
For every a, L € A with ||a|| = =i < 1 and ||L|| > 0 such that ||K]||||a|? <

255

1, we have
P = Qa(TfmvT.fn)

= (]*Qa(fma fn)‘] + min{L*Qox(Tfmv fm)Lw L*Qa(Tfm fm)L7 L*Qa(Tfmv fn)L}

T T{fm}=T{fn}

@
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Since, it satisfies all the conditions of Theorem 3.2, so T has a unique fixed
point {1,0,0,...}.

4. APPLICATIONS

In ([18],[19],(20],[21],[22],[23],[24]), applications for the existence and unique-
ness results for a system of nonlinear integral equation and on operator
equation in fixed point theory can be seen. Here we give such types of ap-
plications in C* algebra valued modular b-metric spaces.

Theorem 4.1 Let H be a Hilbert space and B(H) be the set of all bounded
linear operators on H. Let Cy,Cy, ...,Cy, € B(H) with Y o2, ||Cy|| < 1 and
@ € B(H)+. Then the operator equation

n=1

has a unique solution in A.

Proof. Set A = (377, ||Cy]|)P with p > 1 and ||A|| = é < 1. Define
2

Q' (0,00)x B(H)x B(H) — B(H)y, foralla > 0, p > 1, Z1, Zo, F € B(H)+

(F is a positive operator) by

p

Zy — Zy I

(21, 25) = H

Then (B(H),B(H),Q) is a Q-b-complete C* algebra valued modular b-
metric space (as in Example 2.6) with || K| = 27 > 1. Clearly, | K|/||\||*> < 1
and [|Q(Z1, Z2)]| < 0.

Define a self mapping 7' : B(H) — B(H) by

T(2) =) CiZCn+Q.
n=1
Then
P
F

W(T(21),T(Zs)) = Hw

«

_ = -z,
[e%
o0
Zy — Zo||P
=Y leal | Z==2 F
n=1

2N (21, Z2)
= (A1a)"Qa(Z1, Z2)(A1a)
=2 ¢V (21, Z2)qg + min{L*Qu(T 71, Z1)L,
L*Q(TZ1, Zo)L, L* Q6 (T Z2, Z1) L}, (¢ = Mg, |L]| > 0)
Since all the conditions of Theorem 3.2 are satisfied. So, there exists a

unique fixed point Z € B(H)4, which is a solution of Hermitian operator
as » 2 CrZCy + Q is a positive operator. O
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Recall the Example 2.7, Let Z = L®(F) and H = L*(E), E is a Lebesgue
measurable set, and A = B(H), the set of bounded linear operator on Hilbert
space H. Define Q : (0,00) x Z X Z — B(H)+ by

Qa(f,g):ﬂ'|ﬂ|ﬁ forall f,ge Z, a>0,p>1,

where 7, : H — H. Then (Zq, B(H),Q) is a Q-b-complete C* modular
b-metric space with || K| > 2P.

4.2 Theorem: Consider the following system of nonlinear integral equa-
tions:

2(t) = gi(r, 2(r)) + ,u/Em('r, $)qj(s, z(s))ds + F(r), r € E

where E is a Lebesgue measurable set with m(E) < oo, F € L®(E)q is
known, for i, = 1,2, i # j, gi(r,2(r)), m(r,s),q(s, 2(s)) are complex or
real valued functions and measurable both in r and s on E, u is a complex
or real number. Suppose

(i) suprer [ |m(r,s)|ds = N1 < +o0.
(i) g1(s, z) is Q-b-continuous in s and z. For all s € F, z € L™(FE)q we
have ¢;(s, z(s)) € L*°(E)q and there exists M7 > 0 such that

91(5,2()) = g2(s,y(5)) |
V2

(iii) for all s € E, 2 € L®(E)q we have ¢;(s, 2(s)) € L®(E)q and there
exists My > 0 such that

> Mi|z(s) —y(s)|P, for all z,y € L™®(E)q,p > 1.

q1(s,2(5)) = qa(s, y(s))[" < Ma|2(s) —y(s)P, for all 2,y € L=(E)q,p > 1.

(iv) let B; # ¢, (i = 1,2) is a set consists of z,, € L°(E)q such that

9i(r. 2, (1)) = 25,(r) — A /E m(r, 5)ai(s, zp,(5))ds — F(r) = ky,

for any z,, € Ba, this implies

397

g2(r, ZP2(T))_/L/Em(T7 8)q2(s, 2p, (8))ds—F(r) = ga(r, ZPQ(T))—,LL/Em(T, 8)q2(8, 2py (8))ds—F(r).

(v) there exists a sequence {z,(r)} € L*(E)q such that

nli_)rrolom(r, zn(r)) = nll)rr;o zn(r)—A/Em(r, $)q1(8, zn(s))ds—F(r) = B1(r) € L(E)q

91(r,2p; ) —91(7,2q;)
«

and satisfies limy, 00 ||Qa(2n, 61)] < H
a>0and 2,2, € B1.

p” for all
o0

Then the system of nonlinear integral equations has a unique solution z* €
L*(E)q for each complex or real number p with ||K|| = 2P.
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Proof. Define A, B,C, D : Zq — Zqo by

Ax(r) = 2(r) — p [E m(r, $)ar (s, 2(s))ds — F(r),

Bz(r) = 2(r) — ;L/Em(r, $)q2(s, z(s))ds — F(r),
Cz(r) = ga(r, 2(r)), Dz(r) = g1(r, 2(r))

Set [|j]| = /AN < 1 and || Z]| > 0. Again Define,

{¢ t B(H)y — B(H){ {«p t B(H)y — B(H)+ {F : B(H)y x B(H); — B(H)

¥(B) = 3B ¢(B) = 1B F.(AB) = 5zAp>1

Clearly, (¢, ¢, Fy) is strictly monotonic, and D is Q-continuous from (i4).

) 1
$(192a(Az, By)|[1a) = Ssupjnj=1(m 4=y py, ) 1a

1
= SUP||n||=1 /E[ﬁKZ -y)

+ M/E'rn('n 5)(a2(s, 9(5)) — a1 (s, f())dsl?]h(r)h(r)drls

1
= g—psupuhn:l/ R (r)Pdr(ll|z = y[Plloo + [ul N1 Mz | f = glP[loo]1a
« E
1 + |/L‘]\71JWQ
25—z = ylPllec]la

- 2aP

1 1.1+ |pL|N1M2 p

91(r, 2(r)) — ga(r, y(r))

= ()| . u
1 1., .

= () (BP9, Ayl 1
1 1,

= (W)(§)(||JH Q0 Dz, Ay| 14

+ |[LIPmin{[|Qa(Az, Cy)l|, [Qa(By, D2)||, [106(Az, D2)[[}1a)
Thus,
U([1Qa(Az, By)|[1a) 2 Fu((M(z,y)), 0(M(z,y)))
By condition (iv), By = C(A, D) # ¢, By = C(A, D) # ¢ and
Czp, = Bzp, = B(Czp,) = C(Bzp,),
so (B, C) is a weakly compatible.

From (iv) and (v), PC(A,D) # ¢ and there exists a sequence {z,(r)} €
L>®(E)q such that

lim Az, = lim Dz, = f
n—00 n—00
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and satisfies

i 19 1)) < |

91(r; 2p) — 91(r, 2q1)
«

= ||Qa(Dzp,, Dzg,))|, for all & > 0 and zp,, z4, € By
= ||Qa(Azp,, Azg,))|, for all & > 0 and zp,, 24, € By

< sup |1Qa(z,y)]|, for all « > 0
z,yePC(A,D)

= 0a(PC(A, D))

Hence, (4, D) is a JHR-operator pair. So, by Theorem 3.1, there exists
a unique common fixed point z* € L*°(FE)q, which proves the existence of
unique solution of the non linear integral equation in L*[0, 1]q. |

(1]
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